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D-GLISp: A Distributed Algorithm for Preference-Based Black-Box
Optimization in Multi-Agent Systems

Loris Cannelli, Mengjia Zhu, Melanie Schranz, Alberto Bemporad, Dario Piga

Abstract—This paper proposes D-GLISp, a novel algorithm
to solve black-box optimization problems over a multi-agent
network, where agents cooperate to reach consensus on a decision
that satisfies everyone to a reasonable extent. In this setting,
each agent aims to optimize an unknown objective function
that cannot be evaluated analytically or numerically, but only
implicitly and qualitatively through pairwise preferences over
candidate solutions. A key challenge lies in the distributed nature
of the problem, where agents are not allowed to share their local
data or preferences.

To address this, D-GLISp extends the GLISp framework to
the distributed setting by combining local surrogate modeling
based on preference data with an exploration mechanism that
promotes coverage of the decision space. A distributed optimiza-
tion strategy allows agents to collectively select new candidate
solutions and converge toward a global consensus without ex-
changing sensitive information. We formally define the concept
of global optimality in the context of distributed preferences and
demonstrate the effectiveness of the proposed algorithm through
simulation studies involving distributed multi-agent calibration
of the parameters of model predictive controllers.

I. INTRODUCTION

Black-box optimization problems arise in a wide range of
engineering and scientific domains, where the objective func-
tion to be optimized does not have an analytical closed-form
expression and can only be evaluated through experiments
or queries. This is common, for example, in engineering
design, hyperparameter tuning of machine learning models,
and physical model calibration, where each function evaluation
may be costly, noisy, or time-consuming [1], [2].

The challenge of black-box optimization becomes even
more pronounced when the objective function cannot be
quantitatively measured, even through direct queries. In some
of such scenarios, optimization can be guided by indirect and
qualitative information, such as pairwise preferences between
candidate solutions expressed by a human. This setting, known
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as preference-based black-box optimization [3], is particularly
relevant in multi-objective design problems, where it is often
difficult to quantify the relative importance of competing
criteria. In these cases, it may be easier for a user to ex-
press a qualitative preference between two candidate solutions
rather than assign explicit numerical scores. Applications
of preference-based black-box optimization are increasingly
diverse. For example, in user interface design, users may
find it more natural to indicate which of two layouts they
prefer rather than rate each one on an absolute scale [4]. In
materials or molecule discovery, experimentalists may be able
to compare two samples but not to provide precise quantitative
evaluations [5]. In recommender systems, user preferences
are often elicited as pairwise comparisons [6]. In robotics,
movement trajectories can be iteratively optimized through
simple comparisons between different behaviors [7]. Similarly,
in control systems, controller parameters can be tuned by
human operators comparing how different strategies produce
more or less desirable system responses [8].

These scenarios motivate the development of algorithms
that, by modeling the underlying and unknown utility function
through statistical or machine learning methods, can efficiently
optimize black-box objectives using only preference informa-
tion. The most known algorithms are Preferential Bayesian
Optimization [3] and their variants [9], [10], [11], which
extends Bayesian optimization to settings with qualitative
feedback by placing Gaussian process priors over latent utility
functions and updating beliefs using observed preferences.
Another promising approach is GLISp (GLobal optimization
based on Inverse distance weighting and radial basis function
Surrogates with preferences) [12], which avoids probabilistic
modeling in favor of simpler surrogate-based strategies and
distance-based exploration terms.

The approaches mentioned above assume that preferences
are expressed by a single agent. However, there are sce-
narios in which black-box optimization must be performed
by collecting pairwise comparisons by multiple agents in a
distributed setting, where agents collaborate to find consensus
on an optimal solution without being able to share data with
others due, for example, to communication constraints or
privacy concerns. Examples include the distributed calibration
of machine tools or control systems, where multiple calibrators
work in parallel, each using its own qualitative criteria to
express preferences over configurations, and must collectively
agree on a final setting that satisfies everyone to a reasonable
extent. Distributed black-box optimization is a compelling and
increasingly relevant problem in other domains too, such as
edge-fog-cloud computing [13], federated robotics [14], and
industrial automation, where data is decentralized and full
knowledge sharing is constrained by bandwidth, privacy, or



2

autonomy requirements.
Several contributions in the literature address the problem

of distributed black-box optimization, by assuming access
to quantitative evaluations, often ignoring the possibility of
preference-based or qualitative feedback [15], [16], [17]. Other
works have also explored distributed learning with preference
information, such as federated learning from pairwise com-
parisons [18], decentralized dueling bandits [19], and collab-
orative preference aggregation in multi-agent systems [20].
However, these approaches primarily focus on ranking, online
decision-making, or reward-based learning. In contrast, to the
best of our knowledge, there is no contribution on solving a
global black-box optimization problem in a distributed setting,
where agents rely exclusively on local, qualitative feedback in
the form of pairwise preferences.

In this work, we propose Distributed-GLISp (D-GLISp), a
novel algorithm that extends the original (single-agent) GLISp
approach [12] to a decentralized, communication-constrained
setting, enabling multiple agents to reach consensus on a
global solution through local interactions only, without the
need of centralized data aggregation.

The remainder of this paper is organized as follows. In
Section II, we formalize the problem of distributed preference-
based black-box optimization and introduce several notions of
global optimality in this setting. Section III presents a step-by-
step description of the proposed D-GLISp algorithm, leverag-
ing preferences, surrogate functions, and acquisition functions.
Section IV illustrates how distributed optimization is incor-
porated into the proposed algorithmic framework. Section V
presents numerical results on benchmark global optimization
problems, and on decentralized preference-based multi-agent
calibration of a Model Predictive Controller (MPC) laws for
autonomous driving.

II. PROBLEM SETTING

In the next paragraphs, we formalize the setting of dis-
tributed multi-agent preference-based optimization addressed
in the paper, introducing the individual agents’ optimization
problems and the preference-based observation model, com-
paring alternative definitions of global optimality in the context
of distributed multi-agent preferences.

A. Preference-based optimization

Consider a network composed by N computing units
(agents), where each unit i (with i = 1, . . . , N ) aims at solving
the following optimization problem:

x⋆i ∈ argmin
x∈X

fi(x), (1)

where x ∈ Rn, X ⊆ Rn is the set of feasible solutions,
supposed to be known and common to all agents, and fi :
Rn → R is the objective function that the i-th agent wish
to minimize. Because the agents are connected through a
network and cooperate towards a common objective, the aim
is to compute a consensus solution x⋆ ∈ X rather than the
individual minimizers x⋆i ; the definition of x⋆ will be formally
discussed in section II-C.

The values of fi(x) cannot be quantitatively evaluated.
Indeed, according to common settings in preference-based
optimization [12], we assume that fi can only be observed
through comparisons between two values fi(x) and fi(y), for
any pair x, y ∈ X . For this purpose, for each i = 1, . . . , N ,
we introduce the preference function πi : X ×X → {−1, 0, 1}
defined as:

πi(x, y) ≜


−1 if, for agent i, x is “better” than y,
0 if, for agent i, x is “as good as” y,
1 if, for agent i, y is “better” than x,

(2)

where for all x, y, z ∈ X it holds: i) πi(x, x) = 0;
ii) πi(x, y) = −πi(y, x); and iii) the transitive property
πi(x, y) = πi(y, z) = −1⇒ πi(x, z) = −1. Given that agent
i aims at minimizing fi, if the latter were known we could
rewrite (2) as:

πi(x, y) ≜


−1 if fi(x) < fi(y),

0 if fi(x) = fi(y),

1 if fi(x) > fi(y).

(3)

Furthermore, we take into consideration realistic assumptions
for a distributed environment. In particular, we assume that
each agent does not share its preferences with the other
agents, due to privacy, limited communication bandwidth, or
the absence of a central coordinating entity. At the same time,
the agents cooperate to meet a consensus on a global objective
(defined later).

B. Communication network

The communication network among the agents is modeled
as a fixed, directed weighted graph G = (V, E ,A), where V =
{1, . . . , N} is the set of vertices/agents, E ⊆ {1, . . . , N} ×
{1, . . . , N} is the set of edges/communication links, and A ∈
RN×N

+ is the weighted adjacency matrix of the graph. The
edge (i, j) ∈ E models the fact that agent i can send a message
to agent j. A is compliant with the topology described by E ,
i.e., for each (i, j)−entry αij of A, αij > 0 if (i, j) ∈ E ,
and αij = 0 otherwise. In the rest of this work, we assume
that: i) G is strongly-connected and ii) A is doubly stochastic.
These are two common minimal assumptions ensuring that the
information of each agent influences the information of any
other agent infinitely often in time (see, e.g., [21]).

C. Optimality for distributed preferences

The main question we now want to address is: How do
we define a global optimum point x⋆ in terms of preferences,
given that we have different agents expressing their preferences
based on their own underlying functions fi?

A first intuitive definition of optimum preference point in a
multi-agent environment could be the following one: x⋆ ∈ X
is a global optimum preference point iff

|{i ∈ V|πi(x⋆, x̄) ≤ 0}| ≥ |{i ∈ V|πi(x̄, x⋆) ≤ 0}|, ∀x̄ ∈ X
(4)

with | · | denoting the set cardinality.
In other words, the definition stated above means that x⋆

is the optimal point if and only if there is no other point x̄
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that receives a higher number of preferences when compared
to x⋆. An issue with this definition of global optimality lies
in the fact that such a point x⋆ might not exist at all, as the
following example shows.

Example 1. Let us assume that each agent aims at solving
problem (1), and only 3 feasible points x, y, z ∈ X exist.
N = 5 agents, V = {A, B, C, D, E}, are considered. The
agents have the following preferences:

A prefers y to x, and x to z.

B prefers y to x, and x to z.

C prefers z to y, and x to z.

D prefers z to y, and y to x.

E prefers z to y, and y to x.

The above preferences can be visualized in Table I, under
assumption that transitive property holds.

TABLE I: Preferences of each agent on the comparisons
between points x, y, and z: ✓ denotes that the statement in
the column is satisfied by the agent in the row; x otherwise.

x better than y x better than z y better than z
A x ✓ ✓
B x ✓ ✓
C ✓ ✓ x
D x x x
E x x x

Counting the preferences in Table I, we obtain the summary
reported in Table II.

TABLE II: Summary of the preferences of Example 1 ex-
pressed by the 5 agents on points x, y, and z, compared against
each other.

x y z
|{i ∈ V|πi(·, x) ≤ 0}| 5 4 2
|{i ∈ V|πi(·, y) ≤ 0}| 1 5 3
|{i ∈ V|πi(·, z) ≤ 0}| 3 2 5

As it is possible to see from the example, none of the tested
points satisfies definition (4), thus no global optimum exists. ■

An alternative operative possible definition for an optimum
preference point, adopted in this paper, is given by:

x⋆ ∈ argmax
x∈X

∫
X |{i ∈ V|πi(x, x̃) ≤ 0}|dx̃∫

X dx̃
, (5)

which means searching for the point x⋆ that on average is
the most preferred (or neutral) by the agents on the feasible
domain X . In Example 1 above, y would be the optimum
preference point according to definition (5).

We point out that other definitions of global optimum might
be also reasonable. For example, one may search for a point
x⋆ that, differently from (5), does not behave better than other
points on average, but it guarantees to always be preferred by
a minimum number of agents, i.e.:

x⋆ ∈ argmax
x∈X

min
x̃∈X
|{i ∈ V|πi(x, x̃) ≤ 0}|. (6)

Example 2. As an additional example to show the definitions
of global optimizers in (5) and (6), let us consider a network
with N = 11 agents and evaluate 2 different points x1 and
x2 with respect to other 6 points. The situation visualized in
Table III occurs, where each cell shows the number of agents
that prefer the point on the row with respect to the one in the
column.

TABLE III: Preferences expressed by 11 agents on points x1
and x2, compared with 6 other points.

vs x1 vs x2 vs x3 vs x4 vs x5 vs x6

x1 - 7 6 7 6 7
x2 4 - 10 11 9 9

In this case, x1 will be chosen as the optimizer according
to criterion (6) since x1 always obtains at least 6 preferences,
and thus is better than x2 in the worst case scenario. On the
other and, x2 is the global optimum according to criterion (5)
as x2 obtains 8.6 preferences on average with respect to the
6.6 on average of x1. ■

In the following section, we present the D-GLISp algorithm,
which aims at computing the global optimum x⋆ according
to criterion (5), through a decentralized strategy relying on
the communication graph G and based on active preference
learning.

III. D-GLISP

The D-GLISp algorithm extends the original GLISp
method [12] to a distributed, multi-agent setting for
preference-based optimization. In this section, we first describe
how each agent computes a local surrogate function f̂i that ap-
proximates its unknown objective function fi (Section III-A).
Since no information is shared among agents, the construc-
tion of these surrogates follows directly the original GLISp
procedure, without any modification.

We then address the cooperative nature of the problem: the
agents collectively aim to identify the global optimum x⋆ as
defined in (5). To this end, we introduce an active learning
strategy that iteratively refines the estimate of x⋆ using acquisi-
tion functions, constructed by combing the estimated surrogate
functions for all agents as well as local exploration terms based
on inverse distance weighting.

A. Local surrogate functions

Assume that each agent i has collected a set of local points
Di = {xj}Mi

j=1, with Mi ≥ 2 and xj ∈ X for any j, and
have evaluated a preference vector bi ∈ {−1, 0, 1}Pi , where
Pi, 1 ≤ Pi ≤

(
Mi

2

)
, is the number of pairwise preferences

evaluated by agent i among the points in Di according to the
preference rule in (2). Each element bi,h (with h = 1, . . . , Pi)
of the preference vector bi represents the preference expressed
by the agent and is formally defined as

bi,h = πi(xk(h), xj(h)), (7)

where k(h), j(h) ∈ {1, . . . ,Mi}, k(h) ̸= j(h).
Based on the available dataset Di and the related preference

vector bi, each agent i thus constructs a local surrogate f̂i
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of fi modelling its preferences according to the criterion (3).
Following the formulation of the original GLISp algorithm,
the surrogate f̂i is parametrized as a linear combination of
Radial Basis Functions (RBFs) [22], [23]:

f̂i(x) =

Mi∑
j=1

βjϕ(ϵd(x, xj)), (8)

where d : X × X → R is the squared Euclidean distance

d(x1, x2) = ∥x1 − x2∥22, (9)

ϵ > 0 is a scalar parameter, ϕ : R → R is an RBF, and β =
[β1 . . . βMi

]T are the unknown coefficients to be computed
based on the preferences expressed in the preference vector bi.
The RBF function adopted in this paper is a Gaussian function,
defined as ϕ(ϵd) = e−(ϵd)2 . Other examples of RBFs can be
found in [22], [24].

According to the preference relation (3), the following
constraints are imposed on f̂i:

f̂i(xk(h)) ≤ f̂i(xj(h))− σ + εh if πi(xk(h), xj(h)) = −1
f̂i(xk(h)) ≥ f̂i(xj(h)) + σ − εh if πi(xk(h), xj(h)) = 1

|f̂i(xk(h))− f̂i(xj(h))| ≤ σ + εh if πi(xk(h), xj(h)) = 0
(10)

for all h = 1, . . . , Pi, where σ > 0 is a given tolerance
and εh are positive slack variables which aim at softening
the constraints in (3). Constraint infeasibility might be due to
an inappropriate selection of the RBF (namely, poor flexibility
in the parametric description of the surrogate f̂i) or because
the agent expresses inconsistent preferences.

Based on the parametrization of f̂i in (8), a coefficient
vector β satisfying the constraints (10) can be computed by
solving the following convex QP problem

minβ,ε

Pi∑
h=1

ε2h +
λ

2

Mi∑
j=1

β2
j

s.t.

Mi∑
i=1

(ϕ(ϵd(xk(h), xi)− ϕ(ϵd(xj(h), xi))βk

≤ −σ + εh, ∀h : bh = −1
Mi∑
i=1

(ϕ(ϵd(xk(h), xi)− ϕ(ϵd(xj(h), xi))βk

≥ σ − εh, ∀h : bh = 1∣∣∣∣∣
Mi∑
i=1

(ϕ(ϵd(xk(h), xi)− ϕ(ϵd(xj(h), xi))βk

∣∣∣∣∣
≤ σ + εh, ∀h : bh = 0

h = 1, . . . , Pi

(11)

where λ > 0 is a regularization parameter which guarantees
that the cost function (11) is strictly convex and admits a
unique solution.

In the following sections, we describe how to approximate
the global optimum x∗ defined in (5) using the local surrogate
functions f̂i obtained by solving (11). Furthermore, in Section
IV we will show how to compute the global optimum x∗ using
distributed optimization strategies, since agents are assumed
not to exchange their local surrogates f̂i.

B. Computing a global optimizer

Definition (5) characterizes an optimal point x⋆ in terms of
preferences, which represents the solution we aim to identify.
Since the local functions fi are not available, we derive an
approximation of (5) based on the local surrogates f̂i.

First, using the definitions of the preference function (3),
we equivalently rewrite the optimal preference point (5), as
follows:

x⋆ ∈ argmax
x∈X

∫
X

N∑
i=1

H (fi(x̃)− fi(x)) dx̃∫
X dx̃

, (12)

where H(·) denotes the Heaviside step function, ∀x ∈ R:

H(x) =

{
0 if x ≤ 0,

1 if x > 0.

Let us approximate H(·) with the continuous and differen-
tiable sigmoid function s(x) = 1/(1 + e−x), x ∈ R. By also
using the local surrogate functions f̂i instead of the unknown
true ones fi, the objective function in problem (12) can be
approximated as:∫

X

N∑
i=1

H (fi(x̃)− fi(x)) dx̃∫
X dx̃

≃

≃

∫
X

N∑
i=1

H
(
f̂i(x̃)− f̂i(x)

)
dx̃∫

X dx̃
≃

≃

∫
X

N∑
i=1

s
(
f̂i(x̃)− f̂i(x)

)
dx̃∫

X dx̃
=

=

N∑
i=1

∫
X

s
(
f̂i(x̃)− f̂i(x)

)
dx̃ =

=

N∑
i=1

r̂i(x),

(13)

where:
r̂i(x) ≜

∫
X

s
(
f̂i(x̃)− f̂i(x)

)
dx̃, (14)

is a preference surrogate function that estimates how many
preferences a point x receives with respect to all points in the
domain X .

Thanks to the steps carried out in (13), the approximation
x̂⋆ of the optimal preference point x⋆ can be computed as:

x̂⋆ ∈ argmax
x∈X

N∑
i=1

r̂i(x), (15)

that is, by solving an optimization problem whose cost func-
tion has a sum-utility structure. This is the classical formu-
lation used in distributed optimization algorithms over multi-
agent networks [21], as we will present in Section IV.

However, relying solely on surrogate functions may lead
to suboptimal solutions. Indeed, surrogate models built from
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previously collected data are inherently uncertain in unex-
plored regions of the search domain. To balance the trade-
off between exploitation and exploration, the original GLISp
algorithm combines a preference-based surrogate model with
an exploration term based on the distance from previously
evaluated points. In the following, we describe how this
principle is extended to the distributed setting.

C. Local acquisition functions

As in [17], the IDW (Inverse Distance Weighting) function
is employed to encourage exploration. For each agent i, this
function is defined as:

zi(x) =

 0 x ∈ x1, . . . , xMi
,

tan−1

(
1∑Mi

j=1 wj(x)

)
otherwise,

where wj(x) = 1
∥x−xj∥2 , and x1, . . . , xMi

represent the
samples stored in the local dataset Di. By construction,
zi(x) = 0 for any input previously evaluated by agent i, while
zi(x) > 0 elsewhere in Rn. Furthermore, zi(x) increases with
the distance between x and the previously explored samples,
thereby promoting sampling in less-visited regions of the input
space.

To balance exploration and exploitation, each agent i defines
a local acquisition function ai : X → R, parameterized by an
exploration weight δ ≥ 0. Although agent i does not have

access to the global preference surrogate r̂(x) ≜
N∑
i=1

r̂i(x),

the acquisition function is conceptually defined as:

ai(x) ≜
r̂(x)

∆r̂
+ δzi(x), (16)

where ∆r̂ ≜ maxx∈X r̂(x)−minx∈X r̂(x) denotes the range
of the surrogate and serves as a normalization factor to
facilitate the tuning of the exploration parameter δ ∈ (0, 1].

During each D-GLISp iteration, a single agent—say agent
i with i = 1, . . . , N—is selected following a round-robin
schedule. This agent then determines its next evaluation point
xi,⋆ by maximizing the acquisition function ai, i.e.,

xi,⋆ ∈ argmax
x∈X

ai(x), (17)

where the superscript emphasizes that the selected input cor-
responds to agent i’s query. Note that in the definition of
ai, the global preference surrogate r̂ guides the exploitation
term, ensuring cooperation among agents toward searching the
optimum preference point defined in (5) and approximated
by (15). Meanwhile, the exploration term is driven by the
local IDW function zi, allowing each agent to independently
probe unexplored areas of the domain X relevant to its local
preference surrogate objective fi.

Remark 1: Although the acquisition function ai is specific to
the agent i, it inherently depends on the preference surrogate
functions r̂j of the other agents j ̸= i. However, these
surrogate functions are not shared among agents, as each
agent has access only to its own. This necessitates the use
of a distributed optimization strategy to solve problem (17),
as discussed in Section IV. ■

D. Next point selection

After selecting the new input xi,⋆, the following steps are
performed: (i) agent i evaluates at least one new preference
between the new point xi,∗ and previous observations in
Di, updating accordingly the preference vector bi and the
dataset Di; (ii) both the local surrogate model f̂i and the
IDW-based function zi are updated; (iii) a new agent j is
chosen. This cycle is repeated until the iteration count reaches
the predefined maximum number of iterations Tmax. At the
end of the process, the final global objective r̂ is minimized
(disregarding the exploration component) to obtain a candidate
optimal solution x̂⋆. A structured overview of the D-GLISp
algorithm is provided in Algorithm 1.

Algorithm 1 D-GLISp algorithm
Inputs: maximum number of iterations Tmax; exploration
parameter δ; constraint set X ; initial datasets Di = {xj}Mi

j=1;
initial preference vector bi; and initial surrogate functions f̂i
and r̂i for all agents i = 1, . . . , N .

1: repeat
2: select agent i according to a cyclic rule;
3: agent i builds the IDW function zi;
4: compute xi,∗ in (17) via distributed optimization (Sec-

tion IV);
5: agent i updates bi with new preferences evaluated

between xi,∗ and points in Di
6: agent i updates the local dataset: Di ← Di ∪ {xi,∗};
7: agent i updates the local surrogate f̂i(x) and r̂i based

on Di and bi.
8: until maximum numbers of iterations Tmax is reached.
9: compute consensus x̂⋆ in (15) via distributed optimization

(Section IV).
Output: consensus x̂⋆

Remark 2: It is possible to consider a parallel and fully
decentralized version of Algorithm 1. In this case, all agents
compute at each iteration their acquisition functions, solve in a
distributed way at the same time N optimization problems as
(17), and finally update their datasets Di and their preference
vectors bi. In this case, there is no need to have a central
controller enforcing the cyclic selection rule. ■

Remark 3: Steps 4 and 9 of Algorithm 1 require each
agent i to construct the function r̂i, which is based on
the local surrogate f̂i, as defined in (14). As can be seen
by its expression, r̂i has a complex structure due to the
presence of the integral function. Furthermore, since Steps 4
and 9 involve distributed optimization, the gradient of r̂i
is explicitly required too, further motivating the need for a
tractable approximation of the integral. In our implementation
of D-GLISp, this integral is approximated using Monte Carlo
integration. Alternative approximations of this integral based
on heuristic approaches may also be valid, as discussed in
the Remark 4 (below). However, in our implementations and
case studies, the Monte Carlo approach proved to be both
simple and accurate. ■
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Remark 4: Following the discussion in Remark 3, we
present here an alternative approach to approximate r̂i, which
does not rely on Monte Carlo sampling.

By defining gi(x̃, x) ≜ f̂i(x̃) − f̂i(x), we consider the
first-order Taylor approximation of the integrand function
s (gi(x̃, x)) in (14) with respect to the variable x̃ centered
around x̃0 ∈ X .

r̂i(x) ≈∫
X
s(gi(x̃0, x))+s

′(gi(x̃0, x)) (∇x̃gi(x̃0, x))T
(x̃− x̃0)dx̃ =

= s(gi(x̃0, x))

∫
X
dx̃+

+ s′(gi(x̃0, x)) (∇x̃gi(x̃0, x))T
∫
X
(x̃− x̃0)dx̃, (18)

where ∇x̃gi(x̃0, x) denotes the gradient of gi(x̃, x) computed
with respect to x̃ and evaluated at x̃ = x̃0.

Considering that f̂i is the sum of Mi RBFs, as shown
in (8), it follows that all the terms in (18) (namely, gi and
its gradient) can be computed in closed form. The only
challenge arises from the presence of the constraint set X
as the integration domain. If X is too arbitrary or complex,
numerical approximation techniques are required. However, if
X exhibits a simple structure, closed-form solutions may be
available. For instance, for the case where X is a box, i.e.,
X ≜

n∏
k=1

[lk, uk], with lk, uk ∈ R and lk ≤ uk for all k, we

have: ∫
X
dx̃ =

n∏
k=1

(uk − lk). (19)

Then, by defining the centroid of X as x̄ ≜
[ l1+u1

2 , . . . , ln+un

2 ]T, we also have:∫
X
(x̃− x̃0)dx̃ = (x̄− x̃0)

n∏
k=1

(uk − lk). (20)

Substituting (19) and (20) into (18) we obtain a closed-
form expression for r̂i(x) and its gradient that can be used
in Steps 4 and 9 of Algorithm 1, instead of the Monte Carlo
approximation discussed in Remark 3. Moreover, by selecting
the midpoint approximation, i.e., x̃0 = x̄, the expression (18)
simplifies further and becomes:

r̂i(x) = s(gi(x̄, x))

n∏
k=1

(uk − lk).

■

IV. DISTRIBUTED OPTIMIZATION

As discussed in the previous sections, in the D-GLISp
algorithm, each generic agent i optimizes its local acquisition
function ai, which inherently depends also on the preference
surrogate functions r̂j of the other agents j ̸= i. However,
these surrogate functions are not shared among agents, namely,
each agent has access only to its own. To overcome this
limitation, the maximization of the local acquisition function

ai is formulated in a distributed optimization framework,
where agents coordinate through communication with their
neighbors to collaboratively optimize the local acquisition
function ai of the i-th agent.

To address the optimization problem defined in (17) during
Step 4 of Algorithm 1 (or, similarly, problem (15) in Step 9),
the GTAdam algorithm [25], a decentralized extension of
the widely used Adam optimizer [26], is adopted. While
Adam is designed for centralized settings, where updates
to the solution estimate xt are computed using a globally
available gradient history, GTAdam extends this principle to
a networked environment. It achieves this by embedding the
gradient tracking mechanism introduced in [27] into the Adam
framework, enabling fully decentralized execution without a
central coordinator.

A key advantage of GTAdam lies in its communication
efficiency, as the agents are not required to share their local
models r̂i or f̂i. Instead, at each iteration t, only the gradient
of the local preference surrogate r̂i, evaluated at the current
iterate xt, is exchanged between directly connected agents.
The strong connectivity of the communication graph G ensures
that information from any agent can propagate through the
network, while the doubly stochastic nature of the mixing
matrix A guarantees consensus among the agents on the sta-
tionary solution. However, because of the non-convex nature
of problem (17), no guarantees of convergence can be stated.

V. EXAMPLES

In this section we show the performances of the D-GLISp
algorithm on benchmark black-box optimization problems
and on distributed design of an MPC controller for au-
tonomous driving. All the codes are implemented in Python
and run on the CPUs of an AMD EPYC 7742 server,
with a base processor speed of 2.25 GHz, 256 MB L3
cache. Open MPI [28] and the disropt library [29] are
used for the distributed operations and for distributed opti-
mization, respectively. Python codes can be downloaded at
https://leon.idsia.ch/lib_download.

A. Benchmark optimization problems

We test D-GLISp on four optimization problems, denoted
as camelsixhumps, beale, brent, and ls. Problems
camelsixumps, beale, and brent are inspired from orig-
inal optimization benchmarks (commonly used in non-convex
optimization), and described in [30]. The global objective of
these original benchmarks is a sum of functions. In our prob-
lem, we consider each summand as a local function for each
agent. As an example, we show here how to reformulate the
camelsixhumps problem to fit our distributed framework:
number of agents N = 3; x ∈ R2; cost function of the original
benchmark

f(x) =

(
4− 2.1x21 +

x41
3

)
x21︸ ︷︷ ︸

f1(x)

+ x1x2︸︷︷︸
f2(x)

+
(
4x22 − 4

)
x22︸ ︷︷ ︸

f3(x)

under the constraints x1, x2 ∈ [−5, 5].
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Problem ls is a distributed least square problem, generated
according to the procedure described below. A local function
fi,ls(x) ≜ ∥Aix− bi∥22 is associated with each agent i, with
Ai ∈ R100×N , and bi ∈ R100. The underlying linear model is
generated as: bi = Aix

⋆
i , where the elements of x⋆i,ls ∈ RN

are i.i.d. and drawn from the uniform distribution U [−1, 1].
The entries of the matrices Ai are also i.i.d. and drawn from
the normal distribution. The values of Ai and bi are normalized
with a scaling factor equal to 100. The feasible set is X =
[−1, 1]N .

We run camelsixhumps, beale, and brent over a
network composed of N = 3 agents, while the ls problem is
solved using N = 4 agents. In all the experiments the agents
communicate over a fixed undirected graph G, generated using
an Erdős–Rényi random model. The adjacency matrix A of the
graph is obtained through a Metropolis-Hastings weight model
[31]. Algorithm 1 has been applied on the four aforementioned
benchmark problems, running GTAdam as an inner distributed
solver in Steps 4 and 9.

In all the experiments, the agents start the optimization pro-
cedure with an initial local dataset Di composed of Mi = 2n
feasible points, generated uniformly at random. Each agent
constructs the vector of initial local preferences bi by com-
paring the first point in the local dataset Di with the second,
evaluating the winner of the preference and then comparing
it with the third point. The winner is compared with the next
point, and so on, until all points in Di have been considered. In
this way, Pi =Mi−1 initial preferences are obtained. We save
the winning point from these initial preferences to compare it
with the point generated by the optimization process in Step 5,
thereby obtaining a new preference. The winner of this new
comparison is stored, and the procedure is repeated each time
Step 5 is reached again, thus generating a new preference at
each iteration and updating the local surrogates accordingly in
Step 7.

For each outer iteration of D-GLISp, the inner solver
GTAdam runs for 100 iterations with an initial stepsize equal
to 0.01. The value of the exploration hyper-parameter δ (see
(16)) is updated by the agents while D-GLISp is running,
according to the following heuristic: δ = N(|Di| − 1). The
number of outer iterations is set to 10N , namely, 30 for
camelsixhumps, beale and brent, and 40 for the ls
benchmark.

Each problem is run for 10 Monte Carlo independent real-
izations and the performance of D-GLISp is shown in Figures
1 and 2. Each panel in Figure 1 illustrates the results for a
single Monte Carlo realization on the considered benchmark
problems. Specifically, each plot shows two sequences of
points:

i) The red points represent the x̂⋆ solutions generated by
D-GLISp after each outer iteration, computed according
to (15). These points have been computed only for the
purpose of monitoring the performances of D-GLISp, but,
in practice x̂⋆ is computed only once, in Step 9, when the
desired maximum number of iterations Tmax is reached.

ii) The blue points correspond to a batch of K = 500 points
uniformly sampled from the feasible domain.

Each point from sets (i) and (ii) is compared against all others
in terms of preferences, with each agent responding to the
comparisons according to its own fi(x). The plots in Figure
1 therefore show the total number of preferences obtained by
each point when compared to the rest. This procedure serves as
a measure to estimate the optimality condition defined in (5).
The green line in the figures indicates the value corresponding
to the maximum possible number of preferences a point can
achieve relative to all other points involved in the procedure,
that is: N(K + Tmax − 1).

Figure 1 clearly shows that the points computed by the
D-GLISp algorithm improve in terms of preferences after
each outer iteration, eventually reaching values close to the
maximum achievable. Figure 2 presents the same performance
results from a different perspective. In each panel, for every
single Monte Carlo run, both (i) the final point from the D-
GLISp-generated sequence and (ii) the best point among 200
randomly generated samples are shown. It can be seen that
the points generated by the D-GLISp algorithm consistently
outperform the best of the random samples in every Monte
Carlo run, despite D-GLISp requiring only 10N iterations.

B. Case study: MPC for autonomous driving

We demonstrate the application of D-GLISp to distributed
calibration of an MPC law for autonomous vehicles, focus-
ing on lane-keeping and obstacle-avoidance tasks. A similar
scenario was previously explored in [17], [8], [32], but this is
the first time where the problem is solved by a decentralized
preference-based algorithm.

The control scenario is sketched in Figure 3. A Subject
Vehicle (SV) operates on a one-way, two-lane horizontal
road. In contrast to the earlier studies [8], [32], our scenario
includes two Obstacle Vehicles (OVs), each occupying the
center of a lane and moving forward at a constant velocity.
The OVs’ initial speeds and positions vary across different test
conditions. The SV is governed by an MPC controller, which
ensures lane-following and dynamically avoids collisions by
performing lane changes, acceleration, or deceleration when
necessary. The goal is to collaboratively identify suitable
MPC parameters while preserving the privacy of individual
experimental settings. Each calibration agent may adopt dis-
tinct preferences over the optimization objectives and conduct
independent experiments accordingly.

In the following sections, we describe the SV dynamics, the
structure of the MPC controller, the agents’ control objectives,
and the obtained results.

1) System description: To model the vehicle kinematics
and simulate the experimental scenario, we adopt a simplified
bicycle model with two degrees of freedom. The model uses
the front wheel as the reference point, and its dynamics is
described by the following nonlinear equations:

ẋf = v cos(θ + ψ),

ẇf = v sin(θ + ψ),

θ̇ =
v sin(ψ)

L
,

(21)
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Fig. 1: Performance of D-GLISp on a single Monte Carlo realization across the 4 benchmarks. Maximum number of possible
preferences (green line); number of preferences obtained from points generated by D-GLISp iteration by iteration (red dots in
the shaded red area); number of preferences obtained from uniformly random points drawn from the feasible set (blue dots).

where xf and wf (m) denote the longitudinal and lateral
positions of the SV’s front wheel, respectively, and θ (rad)
is the yaw angle. These variables define the state vector
s ≜ [xf wf θ]T. The control inputs are grouped in the
input vector u ≜ [v, ψ]T, where v (m/s) represents the
longitudinal vehicle’s speed and ψ (rad) is the steering angle.
The parameter L (m) corresponds to the vehicle’s wheelbase.

2) MPC formulation: We assume full state availability, and
the control output is defined to coincide with the system state,
i.e., y = s. The nonlinear dynamics in (21) are discretized and
linearized around a nominal trajectory to obtain a time-varying
linear approximation of the system, given by:

s̃k+1 =

1 0 −v̄k sin(θ̄k + ψ̄k)Ts
0 1 v̄k cos(θ̄k + ψ̄k)Ts
0 0 1

 s̃k
+

cos(θ̄k + ψ̄k)Ts −v̄k sin(θ̄k + ψ̄k)Ts
sin(θ̄k + ψ̄k)Ts v̄k cos(θ̄k + ψ̄k)Ts

sin(ψ̄k)
L Ts

v̄k cos(ψ̄k)
L Ts

 ũk,
ỹk = s̃k,

(22)

where Ts is the sampling time, and subscript k denotes the
discrete-time index. The variables with tilde (̃·) represent de-
viations from nominal trajectories, defined as x̃ ≜ x− x̄, with
x ∈ {sk+1, sk, vk, θk, ψk, uk, yk}. Variables with overbars (̄·)
denote nominal reference values.

Based on the linearized model (22), a linear time-varying
MPC strategy is formulated and solved using a real-time
iteration scheme [33], [34]. At each time step t, the following
quadratic programming problem is solved to compute the
optimal control inputs:

min
{ut+k|t}Nu−1

k=0

Np−1∑
k=0

∥∥yt+k|t − yreft+k∥∥2Qy

+

Np−1∑
k=0

∥∥ut+k|t − ureft+k∥∥2Qu

+

Np−1∑
k=0

∥∥∆ut+k|t∥∥2Q∆u
,

(23)

subject to the following constraints:

ymin ≤ yt+k|t ≤ ymax, k = 1, . . . , Np,

umin ≤ ut+k|t ≤ umax, k = 1, . . . , Np,

∆umin ≤ ∆ut+k|t ≤ ∆umax, k = 1, . . . , Np,

ut+Nu+j|t = ut+Nu|t, j = 1, . . . , Np −Nu,

(24)

where ∆ut+k|t ≜ ut+k|t − ut+k−1|t denotes the input
increment, and yref , uref are the reference trajectories for
output and input, respectively. Qy , Qu, and Q∆u are positive
definite weighting matrices, and Nu and Np define the control
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Fig. 2: Performance of D-GLISp across the 4 benchmark problems for 10 Monte Carlo runs. Maximum number of possible
preferences (green line); number of preferences obtained by optimal point computed with D-GLISp (red dots); number of
preferences obtained by the best out of 200 randomly generated point (blue dots).

SV 1

2

Fig. 3: Test scenario for MPC calibration. Subject (green car)
and obstacle vehicles (red cars).

and prediction horizons, respectively.

3) Test scenarios and control objectives: The parameters
selected for calibration include the control horizon Nu, the
prediction horizon Np, and the diagonal elements of the

input increment weight matrix Q∆u ≜

[
qu11 0
0 qu22

]
. These

parameters are tuned over the following ranges: Np ∈ [10, 30];
Nu = ϵcNp, with ϵc ∈ [0.1, 1] and Nu rounded to its closest
integer; and log(qu11), log(qu22) ∈ [−5, 3]. All remaining
MPC parameters are fixed and not subject to calibration.
Specifically, the sampling time is set to Ts = 0.085 s, and
the weighting matrices are

Qy =

0 0 0
0 10 0
0 0 1

 , Qu =

[
1 0
0 1

]
.

The reference speed vref is fixed at 50 km/h. During
operations, the longitudinal velocity v of SV is constrained to
lie within the interval [1, 90] km/h, with a maximum acceler-
ation/deceleration rate v̇ ∈ [−4, 4] m/s2. The steering angle ψ
varies between ±45◦, with a maximum rate ψ̇ ∈ [−60, 60]◦/s,
and its reference value is set to ψref = 0◦.

As for the control outputs, the lateral position is constrained
to wf ∈ [−0.6, 3.6] m, ensuring the SV remains within the
roadway. The lateral reference wref

f is set to either 0 m or 3 m,
corresponding to the center of lane 1 or lane 2, respectively,
depending on the active lane. The yaw angle θ is constrained
to [−90◦, 90◦], with θref = 0◦.

The MPC controller is designed to achieve three high-
level objectives: (i) maintain a consistent vehicle velocity; (ii)
minimize abrupt changes in steering; (iii) avoid collisions with
OVs. In our case study, and only for simulation purposes,
these objectives are emulated via the following mathematical
expressions, respectively:

m1 =
1

Ntotal

Ntotal∑
k=1

∣∣∣∣vk − vrefkvrefk

∣∣∣∣ ,
m2 =

1

Ntotal

Ntotal∑
k=1

∣∣∣∣ψk − ψref
k

ψref
k + 0.1

∣∣∣∣ ,
m3 = 1000 · Icollision,

(25)

where Ntotal = 2
⌈
texp
2Ts

⌉
is the number of discrete time steps,
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texp is the experiment duration, and Icollision ∈ {0, 1} is an
indicator function that equals 1 if a collision between the SV
and any OV occurs, and 0 otherwise.

The case study involves N = 4 independent calibrators
(agents), each prioritizing the first two objectives differently.
Specifically, for agent i ∈ {1, 2, 3, 4}, the corresponding
objective functions fi are expressed as:

f1 = 0.5m1 + 0.5m2 +m3,

f2 = 0.8m1 + 0.2m2 +m3,

f3 = 0.3m1 + 0.7m2 +m3,

f4 = 0.6m1 + 0.4m2 +m3.

(26)

Each agent runs simulations under different OV initial
conditions, as reported in Table IV, where x0f,OV denotes the
initial longitudinal position and v0OV the initial speed of each
OV. The ultimate goal of calibration is to design an MPC
controller that performs robustly across all test conditions and
agents. Each simulation runs for texp = 30 s.

TABLE IV: Initial conditions of OVs for each agent: x0f,OV

is the initial longitudinal position; v0OV is the initial speed.

agent x0
f,OV [m] v0OV [km/h]

OV1 OV2 OV1 OV2

1 10 33 38 40
2 15 17 30 48
3 20 60 40 42
4 9 20 60 45

4) Calibration process: The calibration of the MPC param-
eters Np, ϵc, log(qu11), and log(qu22) have been performed by
running D-GLISp with the following configuration:

• the i-th agent (with i = 1, 2, 3, 4) expresses its preference
based on its own local function fi defined in (26), without
knowing the preferences of the other agents;

• the agents communicate over a fixed undirected graph G,
generated using an Erdős-Rényi random model (4, 0.3).
The adjacency matrix A of the graph is obtained through
the Metropolis-Hastings weight model;

• GTAdam is used as an inner distributed solver in Steps 4
and 9. For each iteration of D-GLISp, the inner solver
GTAdam runs for 100 iterations with an initial stepsize
equal to 0.001;

• the i-th agent (with i = 1, 2, 3, 4) has an initial local
dataset Di composed of Mi = 4 feasible points generated
uniformly at random;

• the value of the hyper-parameter δ is updated while
D-GLISp is running, according to the same heuristic
described in Section V-A;

• D-GLISp terminates after Tmax = 100 outer iterations.

5) Results: The optimization process involves four initial
random experiments and 25 iterations of the D-GLISp algo-
rithm per agent, resulting in a total of Tmax = 100 experiments
across four agents. In Figure 4 a comparison among the x̂⋆

points computed by D-GLISp at iterations 1, 31, 51, 81, and
100 is illustrated in terms of the trajectories of the manipulated
variables: speed v and steering angle ψ. As can be seen from

the plots, iteration after iteration the algorithm is able to find
increasingly better solutions, converging toward a behavior
which achieves smooth and stable responses, indicating ef-
ficient and reliable closed-loop behavior.

VI. CONCLUSIONS

We addressed the problem of distributed multi-agent black-
box optimization based on preference-based feedback. To this
end, we introduced the D-GLISp algorithm, which enables
the agents to reach a consensus on a global optimum, where
each agent seeks to optimize an unknown local objective using
only pairwise preference information, without sharing its own
preferences with the others. The method relies on a combi-
nation of local surrogate models and exploration mechanisms
based on inverse distance weighting, while taking into account
communication constraints and privacy preservation.

Although Monte Carlo methods have proven effective in
the case studies considered for approximating the integrals
involved in the computation of the global optimum, ongoing
research is focused on exploring alternative approximation
techniques. These methods will be evaluated in terms of
both approximation accuracy and computational complexity
when maximizing the acquisition function through distributed
optimization. Future research activities also include a the-
oretical and practical analysis of alternative definitions of
global optimality in the context of distributed preference-based
learning.
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